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Abstract
Convexity invariants like Caratheodory, Helly and Radon numbers are computed for triangle
path convexity in graphs. Unlike minimal path convexities, the Helly and Radon numbers behave
almost uniformly for triangle path convexity. c© 1999 Elsevier Science B.V. All rights reserved
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1. Introduction
A convexity space is an ordered pair (V;C), where V is a non-empty set and C is
a collection of V -subsets, to be regarded as convex sets, such that
(C1) , V 2C.
(C2) Arbitrary intersections of convex sets are convex.
(C3) Every nested union of convex sets is convex.
The smallest convex set containing a set S V is denoted C(S) and is called the
convex hull of S. The Caratheodory number c of C is the smallest integer (if it exists)
such that for any subset S of V and any point p in C(S), there is a subset F of
S with jF j6c and p2C(F). The Helly number h of C is the smallest integer (if
it exists) such that every family of convex sets with an empty intersection contains
a subfamily of at most h members with an empty intersection. The Radon number r
of C is the smallest integer (if it exists such that every r-element set AV admits
a partition fA1; A2g of A (that is, A=A1 [A2, where A1 6= ;, A2 6= ; and A1 \A2 = ;)
with C(A1)\C(A2) 6= ;, called a Radon partition. A graph convexity space is a pair
(G;C) formed with a connected graph G, with vertex set V , and a convexity C on V
such that (V;C) is a convexity space satisfying the additional axiom.
(C4) Every member of C induces a connected subgraph of G.
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Abstract convexity and the related combinatorial geometry are surveyed by a number
of authors [3,7]. Graph convexities are also studied by many authors [1,2]. One of
the main goals of abstract convexity theory is to investigate the relation between the
Caratheodory, Helly and Radon numbers. The most natural convexities in a graph G
are path convexities dened by a system P of paths in G that contain all geodesics.
For vertices u and v, the P-interval P(u; v) is the set of all vertices w belonging to
paths from P joining u and v. A subset A of V is said to be P-convex if A contains
P(u; v) whenever u and v are vertices in A. The canonical choices for P are provided by
selecting all paths, triangle paths, induced or minimal paths and geodesics, respectively.
Some of the above convexities may coincide for certain graphs (For example trees
are those graphs for which all the four path convexities coincide.) In [2], Duchet
has computed the Caratheodory, Helly and Radon type numbers for the minimal path
convexity. In [2], Duchet has also mentioned that the geodesic convexity is ‘universal’
with respect to the Caratheodary, Helly and Radon numbers in the sense that given any
nite convexity space (V;C), there exists a nite graph G such that the Caratheodary,
Helly and Radon numbers of the geodesic convexity in G coincide with those of C.
In [2] it is proved that the Caratheodory number is 1 for complete graphs and 2 for
other graphs. The Helly number equals the size of the largest clique and the Radon
number is one more than the Helly number except possibly for triangle free graphs,
where it is at most 4. The aim of this paper is to show that for triangle path convexity,
the combinational parameters c; h; r are universal in the sense that for any connected
graph G, c=2, h=2 and r64.
2. Triangle path convexity in graphs
Triangle path convexity is a path convexity which is coarser than the geodesic and
minimal path convexities. We give a characterisation of the triangle path convex hull.
We consider a connected graph G=(V; E), which may be innite. Chord of a path P
is an edge joining two non-consecutive vertices of P. Chords of a path giving rise to
triangles are called short chords of the path. A path which allows only short chords
is called a triangle path or simply a T -path. The set of all vertices on all T -paths
joining x and y in G is denoted by T (x; y) and is called the T -interval of x and y.
A V -subset A of G is said to be triangle path convex or T -convex if A contains
T (u; v) whenever u; v2A. For a subset A of V , the T -convex hull of A is denoted by
T hAi and the minimal path convex hull of A is denoted by M hAi, respectively.
A clique of G is a V -subset consisting of pairwise adjacent vertices. A V -subset S
separates two others say, A and B when every path joining a vertex of A to a vertex
of B encounters S.
Theorem 2.1. In a connected graph G; a vertex a does not belong to the T -convex
hull of A if and only if there exists a clique M of Gna separating a and A such that
any two paths connecting a to two distinct vertices of M contain a chordless cycle
of length greater than or equal to four.
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Proof. Suppose a =2T hAi. Then there exists a T -path  connecting a to a vertex in A
and a vertex x on  such that x2T hAi but the successor of x, as we traverse from
A to a along , is not in T hAi. Let L be a set formed by the vertices like x. Evi-
dently L separates A and a. If L consists of a single vertex separating a and A, then
we are done. Suppose L contains more than one vertex, take x,y2L; then x is adjacent
to y; for if not, there exist two T -paths x and y connecting a to two vertices of
A containing x and y, respectively. Now the x{a subpath of x and the a{y subpath
of y together form an x{y T -path containing a. For if not, there exists a short chord
joining vertices x0 in the x{a subpath of x and y0 in the y{a subpath of y, then
the union of the subpaths x{x0 [ x0y0 [y0{y form a triangle path joining two vertices
x; y2T hAi, which means x0; y0 2T hAi, a contradiction to the assumption and hence
a2T hAi, again a contradiction. Thus L forms a clique in G. Consider any path 1
connecting x to a and another path 2 connecting y to a. Evidently, there exist two
non-adjacent vertices x0 and y0 such that x0 is on 1 and y0 is on 2. (The successors
of x and y cannot be a because in that case a2T hAi.) Hence 1 and 2 contain a
chordless cycle of length greater than or equal to four.
Conversely, let there exist a clique M as stated in the theorem. Let B be the compo-
nent in GnM containing a. Then VnB is T -convex, for if not, there exist two vertices
x; y in VnB and a vertex z on a x{y T -path Txy such that z =2VnB; then z 2B and
hence z =2M . Consider the x{z sub-T -path x and y{z sub-T -path y of Txy. Then x
and y intersect M , say at u and v, respectively, since M separates A and B. Since z
is in a x{y T -path and u and v are adjacent, u, v, z form a triangle. Consider the two
paths connecting a to the vertices u and v through z. Clearly, these two paths contain
the triangle formed by u, v and z, which is a contradiction; if M = fug= fvg, then Txy
is a walk, which is again a contradiction and hence VnB is T -convex. Now AVnB
and therefore, T hAiVnB; hence a =2T hAi.
3. Caratheodory, Helly and Radon numbers
Theorem 3.1. Let G=(V; E) be a connected graph. Then the triangle path convexity
has the Caratheodory number 2.
Proof. Let A be any subset of V . Let x2T hAi; if x2M hAi then clearly x2M hBi, for
some BA with jBj62, since the minimal path convexity in G has a caratheodory
number less than or equal to 2 (cf. [2]). If x =2M hAi, then without loss of generality,
we can assume that x is a vertex lying on a triangle path joining two adjacent vertices
of M hAi, say u and v. Then u2M (u1; u2) and v2M (v1; v2) where u1; u2; v1; v2 2A.
Suppose there exists a minimal u{u1 or u{u2 path such that no vertex on it is adjacent
to the one on a minimal v{v1 or v{v2 path, then u, v belong to M hfu1; v1gi or
M hfu1; v2gi or M hfu2; v1gi or M hfu2; v2gi as the case may be and hence we are done.
Suppose there exist vertices on every minimal u{u1 and u{u2 paths adjacent to vertices
on every minimal v{v1 and v{v2 paths. Take the rst adjacent pairs of vertices w1, w01,
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w2, w02 on a minimal u{u1, v{v1, u{u2 and v{v2 paths as we traverse from u1, v, u2







2w2, w2 {u2 is a minimal u1 {u2 path containing x. Therefore,
u; v2M hfu1; u2gi and hence x belongs to T hu1; u2i.
In a connected graph G=(V; E) a V -subset A is said to be T -convexly independent
if a =2T hAnai for every a2A and A is T -convexly dependent otherwise.
We also need the following alternate denition of Helly number (see [5]). [In any
convexity space, the Helly number is the least integer h such that every (h+1)-element
set AV has the property Ta2A T hAnai 6=.]
Also note the Levi’s inequality h6r−1 (see [4]).
Theorem 3.2. Let G=(V; E) be a connected graph with at least two vertices. Then
the Helly number h and Radon number r of the T -convexity of G are given by h=2
and r64.
Proof. First we prove r64. We will show that any 4-point set A= fu1; u2; u3; u4gV
has a Radon partition and that there are connected graphs G in which there are
3-point sets with no Radon partition. Assume that A is T -convexly independent (if
A is T -convexly dependent then A has a Radon partition). There are two cases.
Case I: T hAi does not contain any triangle. In this case, every triangle path between
two vertices in A is a minimal path between the vertices. Therefore, the T -convex hull
of A for every subset of A coincides with the M -convex hull. By Radon’s theorem for
the minimal path convexity, A has a Radon partition for the minimal path convexity
and hence A has a Radon partition for the T -convexity.
Case II: T hAi contains at least one triangle. In this case, at most one vertex of A
can be a vertex of a triangle in T hAi, since if at least two vertices of A can form the
vertices of a triangle in T hAi, then A is T -convexly dependent. Thus no two of the
four vertices u1, u2, u3, u4 form an edge of the triangle in T hAi. If A has no Radon
partition then the shortest u1 {u2, u2 {u3, u3 {u4, u4 {u1 paths induce a chordless cycle
of length at least 4 contained in T hAi, which is a contradiction and hence A has a
Randon partition.
We have h63, by Levi’s inequality. Clearly h>2. Let A= fu1; u2; u3g be any 3-point
subset of V . If A is T -convexly dependent, then clearly
T
a2A T hAnai 6= ;. So assume
that A is T -convexly independent. Then as in the proof of the rst part, at most one
vertex of A can be a vertex of a triangle in T hAi. Now, if Ta2A T hAnai= ;, then the
shortest u1 {u2, u2 {u3, u3 {u1 paths induce a chordless cycle of length at least 4 and
hence we get that A is convexly dependent, which is a contradiction. Thus it follows
that h=2, completing the proof.
Remark 3.3. It is to be noted that in [2], Duchet has classied the triangle-free con-
nected graphs G [2, Remark 6.6] for which the Radon number r(G)= 3 and r(G)= 4,
for the minimal path convexity. ‘Remark 6.6’ is stated as ‘The Radon number of the
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minimal path convexity in a triangle-free connected graph G is 3 if and only if the
block graph B(G) of G is a path’. We note that Remark 6.6 in [2] is not true by the
following example:
It can be easily veried that A= fa1; a2; a3g has no Radon partition for the minimal
path convexity in G, but the block graph of G is a path. Since G is triangle free,
T -convexity in G is the minimal path convexity. Thus, the next remark holds for the
minimal path convexity for triangle-free connected graphs also.
Remark 3.4. Let us classify the graphs for which r=3 and r=4, for the T -convexity.
An atom of G is a subgraph of G containing no clique separator. One can decom-
pose a connected graph G into a collection of atoms. Tarjan [6] has represented this
hierarchy by a binary tree, each external vertex of which represents an atom and each
internal vertex of which represents a clique separator. Tarjan calls such a tree a binary
decomposition tree of G denote as Bd(G). We can easily verify that connected graphs
for which this binary decomposition tree is a simple path has r=3 for the T -convexity
and r=4 for all the other connected graphs.
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